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introduction

In this paper formulae will be given, which can be used for
accurate and fast computation of Elliptic Integrals and
Jacobian Elliptiec Functions.

ExTensive theory can be found in a monograph bty A.V. King [711].
All formulae are based upon Gauss theory of the arithmetico-
geometrical means [ 2], and Legendre's method of computation.
Programs to obtain 12 significant figures were set up in
ALGOL-60, and run on the X1 computer of the Mathematical Centre,
Recently a series expansion method has been proposed by
DiDonati and Hershey [ 3], which they claim to be superior tc
Legendre's method. Their ALGOL program [ 4] was also run on the
X1,

A judicious application of Gauss' theory, however resulted 1in
a more compact and faster program than the sgeries expanslion

program.

We have the usual definitions for the Incomplete Elliptic

integrals
e
(1.1) F(k,@)= IV (’l-----~1wc2S‘:'."Ln2 g‘?) = dg we assume 0=k &1,
O
| . +3
(1.2) E(k,y)m fgﬂ (’l-k281n2 5,9) = dg.
O
"
Moreover we consider the function J
| T |
(1.3) B(k,¢)m /9{} 0032 §0( ”lwkgsing 50) < d¢ , which 18
O
related to F and B by
/] 12 ' ' ,] k2 %
(1.4) B(k,p)= — [E(k,9) - k F(k,¢)] , k'=(1-k")
K

For small values of k both numerator and denominator of (1.4)
become small, which results in a loss of significant fligures

i B 18 calculated from tables of E and k.

') In the Technical note TN 28, Mathematical Centre, November 1062,
= 1 ) (1@ )90% 3

o table in 11 decimals is given of B(k,¥) with ¢

k = sin [15017)Ls5 1.



(1.5) K(k) = F(k, %) ,
(1.6) E(k) = E(k, &) ,
(1.7) B(k) = B(k, &)

LT F(k,gﬂ)mu, the inverse function i1s called the amplitude
function @=am(u,k).

The Jacoblian Elliptic functions are defined by

(1.8) sn(u,k) = sin am(u,k) ,
(1.9) cn(u,k) = cos am(u,k) ,
(1.10) dn(u,k) = (’l-k2 sne(u,k))%.

Arithmetioowgeometfical means

Let a and bo be two posltive numbers. We then define the
following sequences: fa_§ , {b,} as follows
a_+bp

1
@ @ =
an+’l -T2 ;5 D = (a o )23 n=0, 1,2, ...

It can easlily be shown that these sequences converge
quadratically to the same l1limit, which 1s denoted by ag M(ao,bo) .

In the following tThe lettTers 8. and bn will be used exclusively

if they occur in the Jjust mentloned sequences.

The Incomplete Elliptic Inftegrals

Let us define the following functions

2 3 ¥ 2 o 2 2 73
(2.1) F¥a,b; @)= —c;}F((’l- —-b--é-) @)= /?‘ (a“cos®¢ +tb7sin” @) de;
a ®



2 *2_]-;- ¥ ~ '%'
(2.2) E¥(a,vig)=a B((1- 25) , @)= [ (aPcosPy +0%s1n® »)" ap,
cl O
, 1D ¥ o 2 . p | E
(2.3) F'(a,p59)= = (2, ¢) = [T (a%0%si0fp) " ap,

1
( LA -IEN-S R
(2.4) E (a,b;p)=a E(-g, w ) = / (2a-bTsin” @) d ¢ .

/q
The Landen transformation [ 5] is given by

(1+k' )tan ¢
(2.5) tan @, = _

1-k ! tan?“ @

2

. . ! &£ ) .~
or if we write k =b_/a_, O<a £1, O=b &1, by

O
(206) Tan gﬂ’/l = W_..mmm-_éw———-
aowb tan @

Substitution in (2.1) and (2.2) gives

& -& . B a B .
(2.7) F (ao’bo“f’)m = F (a,],b,]_;w,]) where a = 5 ; qu(ao SN

boao *( a_ -Db

% | _
(24,0 59)- —5— F

(258) E#(aosbo.;?): b

If we transform in the opposite direction wrliting

Ttan g = ———— 5 where L{,]:

we get with k::bo/aO

1
2.9) oT = -—1-'-{& cOoT @ + (a2 cot @ t+ & --b2)2} .
(ﬁ-ﬂg a/] C ?f’,»!“ 2 O ¥ O o O

gubstitution in (2.3) and (2.4) gives

(2.10) F’(ao,boggy)mF‘(a,],b,];f,]) where a_,= —% : ,]m(ao bo)

(2.11) E (ao,bo;qp)m2 B (a,],bq;gp,])»k-(ao-bo)a,lF'(a,l,bq;gp,l)--bogingm

co_.
a,],bﬂ_;go,])+ 5 sin g..



T

Gauss'! transformation [2] 1s given by

(1+k)sin 4 , -
: which

Sin~9uﬁ: 5 i becomes 1f we substitute
1+k sin % Leh /e
‘ ( ) ""‘"’“._.-r‘O/ Ci.(-,)
a. +b Sin &{ﬁ
(2.12) cin @, = 9o 0l T
7 a +b san»
o o ~7 vl
Substitution in (2.3) and (2.4) gives
o ! 1 ! . aO+bO : "g]é”
( . 3) I3 (ao,boj?ﬂ)m 5 P (aq,b,],gy,]) with a_,lm ..............é...............; D,]m(ao bD) ’
2 .2
ao“bo

! 7 28 Mo o o - - e - '
(2.14) E'(a_ b ;¢)=E'(a,b 3¢, )+ —p— F'(a,,b 59,)-b sinwcos .

An iterative program based on (2.14) may lead to the loss of
significant figures, as cos ¢1 must be calculated from srnsfq.

Reversion of this transformation results 1in

o (Hky)sin g |  1-k . |
Sln @ = with k= —— , or if we write
T1+k sin2 @ L Ttk :
d 1 Kk ----:--bo/aO
2a _ sin /2
sin P = = z

.2
(a tb_)+(a~b )sin™ ¢,
Subgtitution in (2.1) and (2.2) gives
" R .

(2.15) F¥(a_,b_s¢) = F (a,,0.5¢,),
(2.16) E*(a b :¢p)=2 E*(a b_:g,)-b._a Fﬁ(a bz, )+
' 0 P03 ¥ 120 13¥1/ 7P 1% 1 12 213 %9

+ (a -b )sin ¢, cos & .

1t leads however to the same difficulty.
We therefore based our programs on iterative use of formulae

(2.7), (2.8), (2.10) and (2.11).



......,5,....

One can easlily verify that the calculation of ag M (1,b),
where 12b » 0,3 nee?s‘: at most three cycles, and for
b » 0.9539 =(1-0. 32 )2 only two cycles, to obtain 12 significant

ffigures,

Thus when k £ 00,9539 we choose aomﬂ, bozk‘ and base our program
on formulae (2,7) and (2.8).

With Tan @, = L2 9 Or a. COT & m%—-(a cot ff/-- ...__..,_..9_......_..9.........,___)
" e ’ 7 O a. cot ¢
a_-b_ tan ¢ O
O © )
and aom"l, bomk' , we get, after rearranging terms, 8o that loss

of signifiicant figures can not occur,

¥

(2.17) F(k,9)= F (1,k';¢)~ B(a;75;)
(2,18) E(k,fd))m E*(/l,ki ;?))m
QP 3 3 sin ¢
- 2 a.-b, ) I @ -bs) ’
3 tf 2P sin ;9
- 3 = 1l 1 1+
2.7 Bl k, ~ 45 - 2 ) T T ’
( 9) ( P) ‘z 2 j_z;"'] pl} X a3+b3 ) 12-:0 8.1+,]

i-1 "1-7

where P. -—--&-(-———-——-—————7 . Py . 5 P.=.
i ai~1+bi~1 1= O

‘?"4 ig calculated with the formula

4 . 1-sgn(cot @.) 1-sgn(cot g'ﬁ’u)
- I A
‘Sa’um arc tan (Wcot1¢4)+ {Jio o --———«--:--«—-————-——-—a—-sl-—-2 + ———————-——————?2 R

When k 3 0.9539 we choose a_=1, b_=k and base our program on
formulae (2.10) and (2.11).



A fast and compact ALGOL-60 program was easily obtained, and
run on the X1, Comparing tested values with a 12 decimal table
of Legendre - Emde [6], we found a relatlve error of the order
107 1%,

The ALGOL program of the series expansion method by DiDonati
and Hershey ([ 3], [ 4]) was also run on the X1.

It turned out that our program is about four times faster.

@ =1° and k=sin 89°, the series

Further on we observed that for
expansion program did not give an answer wlthln an acceptable
time, in fact the calculation needed more then 10 minutes.

The Complete Elliptic Integrals

We only write down the formulae, which can be easlly derived

from the foregoing formulae,
We mention here that Morgan Ward [ 7] derived similar formulae
for the Complete Elliptic Integral of the third kind.

When k < 0.9539 we get



where a.=1;

Results were checked with a 15 decimal table [8]‘

The relative errors were all of the order ﬂoﬁqg,

The Elliptic Functions of Jacobi

Inverting formula (2.15) by which we can obtain F(k,e), we get

sin ¢ with known F(k,¢).

2a, sin ¢,
by sin ’m=“*mmi*m“““~igt%;"“““ s

b (el o) sn g

) we find sin @

YUy

with a_=1, b_=k  for k< 0.9539,.
(the same is done by Salzer [91)



~8 -
When ¥, = %% then Z = %—5 we use

2 5 . N
cn(u,k) & (1-gin ¥»,)° (whicn 1s not suitable when #., %E)

When ®), > -ﬁ'— we use the well-known relaticn

¥

- k' sin ¢
(3.1) en(u,k)=k' 2oy 10 uhere K=K(u),
HLRTH, (1-k' “sin”™ gﬂo%)z

and sin (po’“' 18 obtained from g’imau(K--u)m % - a)u.

For dn(u,k) we use similar formulae

dn(u,k) = ("’l«-----k_2 sin® @) for ¢, £ ?ff? ;
- k! e k! mﬂ
(3.2) an(wk) =gmmra Y ® T3 .2 =L for ¢y > T -

When k > 0.9539 we invert formula (2.10) and obtain
tan ¢ 3= sinh(a3 u), then tan ¢ . can be calculated with

= a; tan @, 4

tan ¢, =
1 e
(ai+bi)—(ai-bi)tan S
Tan ?7 1
Then Sl’l(u,k)m Sin ?’Om '--—*-———-'--2-'—9""""__1: 3 Cn(u,k)-—- Wé"w%f o
(1+tan® ¢ )2 (1+tan” @)

When 1‘-—{‘{- £ a numerically better formula can be obtalned 1 we

3
uge (3, 1); then

and we getT

In the same way we get



TestT valuesg could be checked with a 12 decimal Table [83,

Again the relative error was of the order 107 1=,
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The ALGCL-60 procedures will now be described.

cormment procedure for the Complete Elliptic Integral of the flrst kind
(formula (1,5)), A = arcsin (k), 0 < A <% /2;
real procedure K (A); value A; real A;
begin real al, 82, b, k1; integer n; b: 5
then begin al:= (1+b)/2; b= sqrt(b
bi=sqrt (alxb); K:= 1ln (
KIAL) /(a2+b) /2
end

else begln Dbi= abs (cos (A)); at:=1l; for n:=t, 2, 3 do
begin a2:= (al+b)/2; b:i= sqrt (alxb); al:i= a2
end; K:= 3.141 59265’359/(31 +1 )

i
S
L

i
; a2:= (al+u)/2;
28x(a2+b)xa2xalAz/

end
end K3

comment procedure for the Complete Elliptic Integral of the second kind

(formula (1,6)), & = arcsin (k), 0 < A <X /2;

regl procedure L (A); value A} real A;

begin real al, a2, b, s, k13 integer n; bi= abs (sin (A));

k1:= abs (cos (A)); if D > .9539

then  begln al:= (1+b)/2; s:= klxkl/2+alxal-b; bi= sqrt (b);

’ a2:= (al+b)/2; A:= alxb; s:= s/2+a2xa2-A;

b:= sqrt (A); E:= (a2+b)/2+(s/(a2+b))x 1In (128X
(a2+b)xa2xalxal/(k14L))

else begin Db:i= k13 al:= 13 s:2=1 + b X b;
for n:=1, 2, 3 do
femgin := (al+b)/2; A:= alxb; al:= a2;
s:= g/2-alxal+A; bi= sqrt (A)
end; E:= 12,566370614k X s /(al+b)

end
end E;

comment procedure for the Complete Elliptic Integral (formula (1,7)),
A = arcsin (k), 0 < A <x/2;

real procedure B -(—A) ;“value A3 real Aj

begin  real al, a2, b, bl, S, k1; integer n; b:= abs (sin (A));
k1:= abs (cos (A)); br:=Db; if b > .9539

then begin al:= (1+b)/23 s:= alxal - kixki /2 -b;

b:= sart (b); a2:= (al+b)/2; A:= alXb;

b:= sqrt (A); s:= s /2+a2xa2-A;

B:= ((a2+b)/2+(s/(22+b))x 1n (128x(a2+b)xa2 <alX
al/(k1AL)))/(b1xb1)

end

end B;
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comient procedure for the Incomplete Elliptic Integral of the first kind
(formula (1,1)), A = arcsin (k), P =¢, O < A, P <X/2;
real procedure F (A, P); value A, P3 réal A, P’;"
begin real a, al, b, bl, si; integer n, m; b:= abs (cos (A));
bl:= abs (sin (A)); if b1 < .9539
then begin a:= 1; si:= cos (P)/sin (P); n:=0; A:= b3
for m:=1, 2, 3 do
begin si:= ( si-A/si)/2; ni= 2xa + (1 - sign (si))
sqrt (A); A:= axb

3.14159265359) /a) / 32

end.
else begin at= 15 b= bl; si:= cos (P)/sin (P); al:= bxb;
for m:= 1, 2 do
begin A:= axXb; si:= axsi + sqrt (axex(sixsi + 1)
- al); a:= (atb)/2; si:= si/(ax2);
b:= sqrt (A); al:= A
end; si:= axsi + sqrt (axax(sixsi + 1) - A);
at= (a+b)/2; si:= sif/(ax2); F:= 1n ((1 + sqrt
(1 + sixsi))/si)/a

Ll

end

end F;

comnent procedure for the Incomplete Elliptic Integral of the second
kind (formula (1,2)), A = arcsin (k), P =¢, 0 <A, P <A/2;
real procedure E (A, P); value A, P; real A, P;
begin real U, V3
pProcedure EA;
begin real a, al, b, S1, S2, si, co; integer n, m;
b= U; a:= 1; co:= cos(P)/sin (P); S1:= S2:= 0; al:= bxb;
n:= 03 for m:= 1, 2, 5, L do
begin A:= axXbj co:= (co ~ Afco)/2; n:= 2xn + (1 - sign
(co))/2; P:= axa; at= (a+b)/2; P:= P - al;
S2:= S2 + P x sign (1.5 - n + (n:h)xh)/sqrt
axa +coxco); Sl:= St /2 + P35 al :=-=“A; b:= sqrt (A)
end; E:= (((2 x arctan (a/co) + (n +(1 - sign (co))/2) x
3.14159265359) x (.250 - S1)/a)/2 + S2)/h

end;

procedure EB; .

beginn real a, Sl, co, si; real array b [0:3], SIN [0:%];
integer m; a:= 13 S1:=U X U3 D [0]):= V3 si:= sin (P);
co:= cos (P)/si; SIN [0]:= si; b [3]:=1 + V;
co:= (co + sqrt (cox co +1 =V x V))/b [3]; si:= coxco;
for m:= 0, 1, 2 do

begin  SIN [m+1]:= 1/sqrt (1 + si); A:= a x blm]
a:=Db [3]/2; b [m+¥1]:= sqrt (A); P:=a
S1:=81/2 + P = A; b [3]:=a + b [m+1]
cot= (a X co + sqrt (P x (81 + 1) - A)

si:= co X cO

end; si:= sqrt (1 + s1); P:= 1/si; U= 0; b [3]:= a;
for m:= 3, 2, 1, 0 doUi=2 x U + b [m] x (P - SIN [m]);

= 4 x 81 x In ((1 + si)/co)/a + P + U
end;
U:= abs (cos (A)); Vi:= abs (sin (A)); if V < .9539 then EA else EB

SRR

end B3
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comment procedure for the Incomplete Elliptic Integral (formula (1,3)),
A =arcsin (k), P=¢, 0< A, P <A/2;
real procedure B (A, P); value A, P; real A, P
begin real U, V;
Procedure BAj
begin real a,b, S1, S2, co; integer n, m; array p [0:4];
bi= Us ai= 13 co:= cos(PWsin (P); éﬁ?:w S :5 O3 ng; O;
P [0]:= 13 _I_:S_I: m:=1, 2, 3, L 9__9_
begin := axb; co:= (co - A/co)/2; ni= 2xn + (1 - sign
(co))/2; p [ml:= .25 x p[m - 11 x (a - b)/(a + b);
ai= (a+b)/:£;81 t= S'l/E?: + p [m]; S2:= 382 + p [m - 1]
X sign (1.5 -~ n + (n:b)xk)/sqrt (axa +coxc);
P metan (a/c0) + (n + (co)
end; B:= (2 X arctan (a/co) + (n +{(1 - sign (co))/2) X
3.14159265359) x (.015625 - S1/4)/a + 32/4 /2

end;

procedure BB;

begin real a, S1, co, si; real array b [0:3], SIN [0:3];
integer m; at= 13 Sl:= - U X U; b [0):= V; si:= sin (P);
cos= cos (P)/si; SIN [0]:=si; b [3]:=1 + V; Vi= V X V;
cos= (co + sqrt (cox co+1 - V))/b [3]; si:= co X co;

for m:= 0, 1, 2 do

begin SIN [m+1]:= 1/sqrt (1 + si); A:= a X b[m];
g:=b [3]/2; b %m+1 ]:= sqrt (A); P:= a X aj
Sl e= 81/2 + P ~ A3 b [3]:i=a +b [m+1]; co:= (a X co
+ sqrt (P x (s1 +1) - A) )/b [3]; si:= co X co

end; si:= sqrt (1 + si); P:= 1/si; U:=0; b [3]:= a;

for m:= 3, 2, 1, 0 do Ut=2 x U + b [m] x (P - SIN [m]);
:= (b x S1 x In ((V + si)/co)/a + P + U)/V

end; .
U:= abs (cos (A)); V:= abs (sin (4)); if V < .9539 then BA else EB

end B;

comment procedure for the Jacobian Elliptic Function (formula (1,8)),
A = arcsin (k), 0<A<x/2, 0<u<K (k)3
real procedure sn (u, A); value A, uj; real A, u;
begin real array a [0:3], b [0:3]; real al, t; integer i;
a 10]:= 1; b [0]:= abs (sin (8)); if b [0] > 95359
then begin for i:= 1, 2 do

SHE' 12= ( —Ti-d] + b [i=1])/2;
== % [:L]:i sqrt (a [1-1] X ‘t/J [1i=1])s a [i]:= al

end; al:= exp ((a [2] + b [2]) X u); t:= (a1l - 1)/
(2 X sqrt (al)); for i:=2, 1, 0 do t:=2 X = [1] X
t/(a [1] + b [1] = (a [1] - b [1]) x t x t);
sn:= t/sqrt (1 + t X t)

end
else begin b [0]:= abs (cos (A)); for 1:=1, 2, 3 do
begin al:= (a [1-1] + b 11i-1]1)/2; b [1]:= sqrt (
a [i-1) x b [i=1]); a [1]:= al

end; al:= (a [3] + 1 [3]) X u/2; t:= sin (al);
For i:= 3, 2, 1, 0 do t:=2 x a [1] x t/(a [1] +
E_Ti] + (a [i] - D r.‘f]) X t X t); sni=t

end

end sn;
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comnent procedure for the Jacobian Elliptic Function (formuls (1 59)),
A = arcsin (k), 0 < A<x/2, 0<u <K (k);
real procedure

begln

end cn;

real srr

a 10]:=
if b [o]

cn (u, A); value A, u} real A, u;

a [0:3], b [0:3]; real al, bl, t,kl1; integer is
13 bl:=Db [0]:= gbs (sin (A)), m - abs {cos '(A)),
> «9559 then

begi for i:= 1, 2 do
begin al:= (a [i-1] + b [1-1])/2; b [1]:= sqrt
(a [i-1] x b [1-1]); a [1]:= al
end; al:= (In ((=a [2] +b [2]) xa[2)l xa 1) xa[1])/2
T 3.42601 513194 - 2 x 1n (k1))/(a [2] + v [2]);
if u/a‘l > o5 then
begin al:=exp ((a [2] + b [2 ]) x (a1 - u));
ti= (al - 1)/(2 X sqrt (al)); for i:= 2, 1, O do
ti=2xa[i]l xt /(a [1i] +b Ti] - (a [1] b T3
X t X t); eni= k1 X t /sqrt (1 + (k1 X t)A2)
end else
begin al:= exp ((a [2] + b [2]) x uw); t:= (8 - 1)/(2 X
sqrt (al)); for i:= 2, 1, 0 do
ti=p2xa[i]xt /(ali]l +b [1] - (a [1] - b [1])
X t X t); cni= 1/sqrt (1 + 1t X t)
end
end else ]
begin b [0]:=k1; for 1:=1, 2, 3 do
begin al:= (a [1-1] + D [i 17)/2; b [i] = sqrt
(a [1-1] x b [i-1]); a [i]:=
end; al:= (a [3] + b [3]) xu /2; __i_;_{ 8.1 < 78539816340 then
begin t:= sin (al); for i:= 3, 2, 1, 0 do
t:=2 x a [1] X t/(a [1] + b [1] + (a [1] - b [1])
X t X t); cn:=sqrt (1 - t X t)
end else
'Egéin t:= sin (1.57079632679 - al);
for i:= 3, 2, 1, O do t:=2 X a [1] xt/(a. [i] +
S‘Tl] + (a [1] - b [i]) x t x t);
= b [0] x t /sqrt (1 - (b1 X t)j2)
end
end



coumenit procedure for the Jacoblan Elliptic Function (formula (1,10))
A = arcsin (k), O <A <7\”/2, 0O < u S_K (k);

b -

b

real procedure dn"(u,mA); value A, u; real A, u;
real array a [0:3], D 10:3]; real al, bl, t, k1; integer i;
a [O]:= 1; b [0]:= bl:= abs (s5in (A)): k1:= sbs (cos (A));

begln

end dn

if b [0]
begin

> 9559 then
for 1¢=1, 2 do

begin al:= (a [1-1] + b [i-11)/2; b [1i]:= sqrt

(a [i~1] x b [1i-1])3 a [1]:= a1
end; al:= (In ((a [2] + v [2]) x a [2] xa [1] x a [1])/2
+ 2.12601513194 - 2 x 1n (k1))/(a [2

if u/a,1 > «5 then
begin al:= exp ((a [2] + b [2]) x

2
] +v [2]);
(

al - u));

t:= (al -~ 1)/(2 X sqrt (al)); for 1:= 2, 1, 0 do
ti=2xal[ilxt /(al1] +b Ti] - (a [1] - b T1])
X t X t); dni= k1 X sqrt ((1 + t x t)/
(1 + (k1 x t)A2))
end else
begin al:= exp ((a [2] + b [2]) X u); t:= (a1 -~ 1)/
(2 x sqrt (al)); for i:=2, 1, 0 do ®
t:=2xa[1l xt /{a [1] + Db [1] - (a [1] - b [1])
X t X t); dni=sqrt ((1 + (k1 x t)A2)/(1 + t x t))
end
end else
begin b [0]:= k1; f_(E_I;fE.:“ 1], 2, [59"__9_])/ 1)
begin al:= (a [i-1] + 1-1 23 b Li):= sqrt
(a [1-1] x b [1-1]); a [1]:= al
end; al:= (a [3] + b [3]) x u/2;
if a1l < .785398163L0 then

begin := gin (al); for i:= 3, 2, 1, 0 do
ti=2x a1l xt/(a [1] +b [1] + (a [1] - b [1])
X t X t); dn:= sqrt (1 - (b1 X t)A2)

end else

begin t:= sin (1.57079632679 - al); for 1:= 3, 2, 1, 0 do
ti=2xa [1] x t/(a [1] + b [1]T + (a [1] - b [1])
X t X t); dn:=b [0]/sqrt (1 - (b1 X t)A2)

end

end
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